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m@ﬂation by Substitution

4.7) The evaluation of certain integrals becomes easy if we change the variable
of integration by some suitable substitution, Suppose, we have to evalunte

J. Sf(x)av.

We make the substitution x¥ = g (z) to change the variable x into z. Then
de = g'(z) dz

Hoee /0 = [fG@@)g @)

The substitution ¥ = g (2) is to be such that the transformed mtegral on the
right-hand side of the above equation is easier to evaluate than the given integral.
No specific rule can be given for selecting the substitution. If, after a substitution,
the new mtegral becomes more complicated, then either some other substitution
should be tried or other methods need to be employed.

A justification for the substitution method follows from the chain rule. We
know that |

d
FIE®) = fE)E
Therefore, | /(g (g @Wex = 1(g).

New let z = g(x),sothatdzr = g’(x)adx

and we have If "(g(x)) g (x) ax J'f'(z) dz = f(2).

nrctln.t

Example 1. Evaluate | 775z 9*

Solution. Put z = arctanx
1
dz‘ T+ i

) [ e fea e

"Example 2. Compute j \[sin x cos x d .
Solution. Let sin x z so that cos x dr = dz. Substituting, we have the given

| 2
mtegral I\/}dz = 3,1 = %(sinx)m 2 gxlsmjx
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Example 3. Evaluate-[ 1 +\[x_-i :
Solution. Let \/x+1 = zsothat
22 = x+1. Then
2z dz = dx and on substitution, we have
j dx _ [2zdz
1+yx+1 J1+z
[ 2
rn ( - l+z) dz
= 2z2-2In(1+2)
= 24+ 1 -2 (1+x+1).
6
Exam 1 . ICOS 20 .
ple 4. Compute S 20 dc? :
Solution. Let cot26=: so that
—2csc?20df = dz and soon substituﬁon, we have
6
cos 26
J.sins 20 d9_ = Icot‘s 29050";29 deo
- -3 [#a
2
) 7 _TZ cot’ 20.

B 2x + |
Example 5. Evaluate J. E+xt )7 dx

Sf)lution. We note that 2x + 1 is the derivative of x2 + x + 1 and so

2 +1 _
02 +x + 1)5/2“[" = I(IJ tx+ 1) 32402 + x + 1)

_ (Prx+ ]y
' -3/2

]
(O +x + 1)¥2

2
3
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e ly. Let x* + Fir7
ively. Lé X+ 1=
Alter natively Z 50 that (2 + 1) d = dz and on substitution, we

havc

26+ 1  dr
Iww)w'—- [%

Example 6. Evaluate I tan’§ sec*d do .

Solution. Let tan@ =z so that sec?8 d@=dz and on substithtion, we have

j tan*0 sec*8 dO = | 2 (1 + a6 ) sec?@ dg

o . Exercise Set 4.2
Evaluate (Problems 1 — 22): ey
1 . & ; 2 = g
) E ‘\[az + xl " - . * U-rz - q2
3. tan x dx 4 cot x dx
5. | secx ek . 6. csc xde
- - .' . ) o 1 + x
7. i (@ +2bx + c)" (ax + b) dx 8. | 1—x &
p de Cr dx
9, . a+\/z;c+—c ' 10. | (1 +x?) arctan x
11, [sinx+cosx . 12. 5’“—\& dx
" Jsinx—cosx - v ‘\/3_‘
2 . ‘ . 2 PO dx
13, ez! + eﬂ.r & : ; 14- J e* + e-x
15 e gy : o 16 ;cosgln x!d\:
" — =& » X
o e*—1 .
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Integration of Irrational Funct S
¢ substitutions will be used to handle integrag

(4.11) The following trigonometri
involving the indicated radicals:

T
\/?+?,putx=atan6, > <2
n
(i) \J&@-x*,put x=asin b, > SIHS
= 3n p

‘ ." 4
(iii) xz_02 putx=asec0’ O<9<5‘0|’7r< 6<7

In case where the above substitutions lead to complicated integrals, 1t is
sometimes convenient to make the hyperbolic substitutions.

(iv) x = asinhz for integrals myolvmg \/x. +d
(v) x = a cosh z for integrals involving [P - d- 7

dx
3 I I = I—
Examp-le 24. Evaluate | 22 \/9Tx_2

Solution. Put x = 3 sin 6, % < @< g
or dx = 3 cos 6d6 :
;] = J' 3cos@d6
9 sin” @+ 3 cos 6

= §Jcsczﬁ‘d9

= g cotd
_ =1 49-¥
i =
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